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On the Nonlinear Companding Transform for
Reduction in PAPR of MCM Signals

Tao Jiang, Weidong Xiang, Paul C. Richardson, Daiming Qu, and Guangxi Zhu

Abstract— In this paper, we provide the design criteria of
the nonlinear companding transforms for reduction in peak-to-
average power ratio (PAPR) of multi-carrier modulation (MCM)
signals, which can enable the original MCM signals to be
transformed into the desirable distribution. As examples, some
novel nonlinear companding transforms have been proposed to
transform the amplitude or power of the original MCM signals
into uniform distribution, which can effectively reduce the PAPR
for different modulation formats and subcarrier sizes without
any complexity increase and bandwidth expansion. It has been
shown by computer simulations that the proposed schemes can
significantly improve the performance of MCM systems including
bit-error-rate and PAPR reduction.

Index Terms— Multi-carrier modulation (MCM), nonlinear
companding transform, peak-to-average power ratio (PAPR),
solid state power amplifier (SSPA).

I. INTRODUCTION

MULTI-CARRIER modulation (MCM) has become pop-
ular technique in various high-speed wireless systems

owing to the spectrum efficiency and channel robustness.
Therefore, it has been used in many wireless communication
standards. One of the major drawbacks of MCM system is
that the MCM signal may occasionally produce high peak-to-
average power ratio (PAPR). The high PAPR brings on signal
distortion in the nonlinear region of high power amplifier
(HPA) and the signal distortion. Recently, various schemes
[1]–[4] have been proposed to reduce the PAPR of MCM sig-
nals. Among these schemes, nonlinear companding transforms
are the most attractive schemes due to their good system per-
formance, the simplicity of implementation, without restriction
on the number of subcarriers, the type of constellation and any
bandwidth expansion [5]–[8].

In [5], [7], it has been proved that the μ-law companding
transform can reduce the PAPR more effectively than the clip-
ping approach. However, compared to the original signals, the
signals companded by μ-law transform have a larger average
power level and still exhibit non-uniform distributions [6],
[8]. In this paper, we present the design criteria of nonlinear
companding transforms, which is based on that we propose
and analyze some novel nonlinear companding transforms to
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Fig. 1. Block diagram of MCM system with companding transform.

reduce the PAPR by effectively transforming the amplitude or
power of the Gaussian-distributed MCM signals into uniform
distribution without changing the average power. Unlike the
μ-law companding scheme, the proposed schemes adjust both
small and large signals without bias and they are able to offer
better system performance in term of PAPR reduction and bit-
error-rate (BER) for MCM systems.

The rest of this paper is organized as follows. In Section II,
a typical companded MCM system is illuminated. Then, some
novel nonlinear companding transforms and corresponding
design criteria are proposed in Section III. In Section IV, the
performances of nonlinear companding schemes are studied
and compared with the μ-law scheme through computer sim-
ulations, followed by conclusions in Section V.

II. THE COMPANDED MCM SYSTEMS

A overall block diagram of a typical MCM system with
companding transform is shown in Fig. 1. The incoming bit
stream is packed into x bits per symbol to form a complex Sk,
where x is determined by quadrature amplitude modulation
(QAM) or phase shift keying (PSK) constellation. Let N de-
note the number of subcarriers used for parallel transmission,
and thus, Sk (0 ≤ k ≤ N − 1) can be considered as the
kth complex modulated symbol in a block of N symbols.
The outputs sn of the N -point inverse fast Fourier transform
(IFFT) of Sk are the MCM signal samples over one symbol
interval. For a real sequence output at the IFFT during one
MCM symbol duration, the complex input to the IFFT has
Hermitian symmetry and is considered as SN−k = S∗

k , where
k = 0, ···, N

2 −1, ∗ denotes complex conjugate. In practice, the
carriers at DC and Nyquist frequency are not used as usual,
which means when N is even and Sk = ak + jbk, the S0 = 0
and SN

2
= 0. The results in the discrete time representation

is s = [s0, s1, · · ·, sN−1]T with

sn =
1√
N

N
2 −1∑
k=0

[akcos(
2πkn

N
) − bksin(

2πkn

N
)] (1)

where n = 0, 1, · · ·, N − 1.
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According to the central limit theorem, it follows that for
large values of N , sn becomes Gaussian distribution with the
probability density function (PDF)

fsn(s) =
1√
2πσ

exp{− s2

2σ2
} (2)

where σ2 is the variance of the original MCM signals.
Therefore, the signal sn has distribution with the cumulative
distribution function (CDF) as following

Fsn(s) =
1
2
(1 + erf(

s√
2σ

)) (3)

where erf(x) =
∫ x

0
2√
π
e−y2

dy.
Then, the PAPR of MCM signals sn in one symbol period

is defined as

PAPR(sn) = 10 log10

Max{|sn|2}
σ2

(dB) (4)

By using companding transform, sn are companded before
converted into analog waveforms and amplified by the HPAs.
sc(n) is given by sc(n) = C(sn), (n = 0, 1, · · ·, N − 1),
where C(·) is the companding transform function.

Then, MCM signals are transmitted into the radio channel.
After passing through both AWGN and the frequency selective
fading channel, the received signals can be expressed by
r′(t) = sc(t)

⊗
h(t) + w′(t), where h(t) is the impulse

response of the frequency selective fading channel with L
multi-path and w′(t) is the AWGN noise with variance of
σ′2

w. To compensate for the channel distortion, the received
signal has to be equalized before expansion. This is done
by convolving the received signals with hinv(t), which is the
inverse function of h(t). With IFFT and FFT block available
in the MCM system, channel frequency response H(ω) can
be easily obtained through preamble or embedded pilots.
Once H(ω) is obtained, hinv(t) can be computed by IFFT
of Hinv(ω), the inverse of H(ω) in frequency domain. To
simplify the analysis, we assume h(n)

⊗
hinv(n) = δ(n) in

this paper. Therefore, the received signal can be formulated
as r(n) = sc(n) + w(n) = C(sn) + wn, where wn =
w′(n)

⊗
hinv(n) with the variance of σ2

w.
At the received end of the de-companded MCM system,

r(n) has to be expanded according to s′n = C−1(sc(n) +
wn) = sn + C−1(wn), where C−1(·) is the de-companding
function, or the inverse function of C(·).

III. PROPOSED DESIGN CRITERIA OF NONLINEAR

COMPANDING TRANSFORMS

In this section, we propose the design criteria of the nonlin-
ear companding transforms, which is based on derivation and
analysis of some proposed novel nonlinear companding trans-
forms. As examples, the proposed novel nonlinear companding
transforms can effectively reduce the PAPR of the MCM
signals by transforming the statistics of the amplitudes or
power of the original MCM signals into uniform distribution.
These novel schemes also have the advantage of maintaining
a constant average power level in the nonlinear companding
operation. The strict linearity requirements on HPA can then
be partially relieved.

Let us denote X and Y as random variables representing the
amplitudes of the inputs and outputs signals of the companding
transform C1(·) with the CDFs marked FX(x) and FY (y),
respectively. Since Y is to be desired the uniform distribution
in the interval [0, h1] (h1 > 0), then the CDFs of Y can be
given by

FY (y) =
y

2h1
+

1
2
, 0 ≤ y ≤ h1 (5)

Since the FX(x) and FY (y) are strictly monotone in-
creasing functions, they have corresponding inverse functions.
At the same time, the companding transform C1(·) is also
restricted to be a strictly monotone increasing function and
has its inverse transform. When these conditions are satisfied,
we can educe these conclusion as following

FX(x) = Prob{X ≤ x}
= Prob{C1(X) ≤ C1(x)}
= FY (C1(x)) (6)

Therefore, the companding function C1(·) is given by the
following identity

C1(x) = F−1
Y [FX(x)] (7)

Substituting (3) and (5) into (7) shows that

C1(x) = h1 · erf(
x√
2σ

), 0 ≤ x ≤ 1 (8)

The positive constant h1 determines the average power of
the output signals. In order to keep the input and output
signals at the same average power level during the com-
panding transform, companding transform C1(·) should satisfy
E[(|sn|)2] = E[(|tn|)2]. Therefore, we can obtain

σ2 =
∫ h1

−h1

(tn)2p(tn)dtn (9)

Substituting (5) into (9), we can obtain that h1 =
√

3σ.
Therefore, nonlinear companding transform function C1(x)
can be expressed as

C1(x) =
√

3σ · erf(
x√
2σ

), 0 ≤ x ≤ 1 (10)

Similarly, we can obtain the nonlinear companding trans-
form function C2(·) to transform the power of MCM signals
sn into a uniform distribution, which will be explained below
in details.

Let Z , which is the power of the companded signal sc, has
a uniform distribution in the interval [0, h2], (h2 ≥ 0). The
CDF of Z can be simply written as

FZ(z) =
z

h2
, 0 ≤ z ≤ h2 (11)

Obviously, FZ(z) is also strict monotone increasing func-
tion. Considering the symmetry of MCM signals, we must
consider two circumstances as follows.

When the companded signals of y < 0

FY (y) = Prob{Y ≤ y} =
1
2
Prob{Y 2 > y2}

=
1
2
(1 − Prob{Z < y2})

=
1
2
(1 − y2

h2
) −

√
h2 ≤ y < 0 (12)
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Fig. 2. Profiles of different companding transforms C(·).

When the companded signals of y ≥ 0

FY (y) = Prob{Y ≤ y} =
1
2
(1 + Prob{Y 2 < y2})

=
1
2
(1 + Prob{Z < y2})

=
1
2
(1 +

y2

h2
) 0 ≤ y ≤

√
h2 (13)

Considering the phase of input MCM signals, we can
obtain another nonlinear companding transform function based
on transforming the power of MCM signals into a uniform
distribution as following

C2(x) = sgn(x) ·
√

h2 · erf(
|x|√
2σ

) (14)

where sgn(·) is the sign function.
Similarly, in order to keep the average power of the com-

panded MCM signals the same level with that of the original
MCM signals, namely E[(|sn|)2] = E[(|tn|)2], and thus, the
parameter h2 can be obtained h2 = 2σ.

Therefore, C2(x) can be expressed as

C2(x) = sgn(x) ·
√

2σ · erf(
|x|√
2σ

) (15)

Fig. 2 depicts the profiles of μ-law and two types of
nonlinear companding transforms C1(·) and C2(·), from that
we can see the proposed nonlinear comapnding transforms can
compress large signals as expand small signals simultaneously.
However, μ-law transform only enlarges small signals and
does not change the signal peaks, which increases average
power of the companded signals.

Based on above derivation and analysis, we can clearly find
that the nonlinear companding transform is also an especial
clipping scheme. The differences between the clipping and
nonlinear companding transform are: 1) Clipping method
deliberately clips large signals when the amplitude of the
original MCM signals is larger than the given threshold, and
thus the clipped signals can not be recovered at the receiver.
However, nonlinear companding transform compresses large

signals using the strict monotone increasing function. There-
fore, the companded signals at the transmitter can be recovered
correctly through the corresponding inversion of the nonlinear
transform function at the receiver. 2) Nonlinear companding
transform enlarges the small signals while compressing the
large signals to increase the immunity of small signals from
noise, whereas clipping method does not change the small
signals. Therefore, clipping method suffers from three major
problems: in-band distortion, out-of-band radiation and peak
regrowth after digital analog conversion. As a result, the
system performance degradation due to the clipping may not
be optimistic. However, nonlinear companding transform can
operate well with good BER performance while keeping good
PAPR reduction.

Therefore, based on summarizing all the nonlinear com-
panding transforms proposed in [6], [8] and C1(·), C2(·),
we can provide the design criteria of this type of nonlinear
companding transform as follows. Since the distribution of
the original MCM signals has been known, such as Rayleigh
distribution of the MCM amplitudes, we can obtain the
nonlinear companding transform function through theoretical
analysis and derivation according to the desirable distribution
of the companded MCM signals. For example, we transform
the amplitude of the original MCM signals into the desirable
distribution with its PDF fsc(s) = ks+ b, (k < 0, b > 0). In
the same way, the nonlinear transform function can be derived
as

C(x) =
√

6σ[1 − exp(− x2

2σ2
)] (16)

It belongs to the type of “Exponential Companding Trans-
form” proposed in [4], [8]. Some important results and com-
prehensive study of feasible nonlinear companding transforms
will be analyzed through the examples of C1(·) and C2(·) in
the next section in details.

IV. RESULTS AND DISCUSSIONS

To verify the performance of the proposed nonlinear com-
panding schemes in the PAPR reduction and BER perfor-
mance, a MCM system with 256 subcarriers are employed in
all the computer simulations. The randomly generated input
data are modulated by QPSK. In order to obtain sufficient
transmit power, most radio systems often employ HPAs in
the transmitter. Solid state power amplifier (SSPA) is one of
the well-known classes of HPAs. The random positive integer
parameter of SSPA has been set to be the typical value 2 in
this paper. For the μ-law companding scheme, the value of μ
is selected the optimal value

√
N − 2, where N is the number

of subcarriers [5].
Fig. 3 shows the complementary cumulative distribution

functions (CCDF) of the PAPR for original MCM signals,
μ-law companded signals, and the signals companded with
C1(·), C2(·), respectively. Obviously, the signals companded
by the nonlinear companding transforms C1(·), C2(·) can
reduce the PAPR greater than that of μ-law companding
transform.

Firstly, the wireless channel is only assumed to AWGN.
Fig. 4 depicts the performance of BER versus signal-to-noise
ratio (SNR) of actual signals under different companding
schemes. Note that, the performance bound curve marked with
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Fig. 3. The CCDFs of original MCM signals and companded signals
(N=256, QPSK).
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Fig. 4. BER versus SNR with SSPA in AWGN channels under different
companding transforms.

“Ideal” is obtained without nonlinear transform and ignoring
the effect of SSPA, which means directly transmitting the
original MCM signals into channel. It has the best BER
performance, but it has an extremely high PAPR compared
with that of companded signals. Moreover, From Fig. 4,
compared to the μ-law companding scheme, C1(·) can offer
better BER performance, and it is only about 0.17dB loss
compared to the case without any companding scheme at
BER = 10−4. But for μ-law companding scheme, it can
obtain an improvement of BER performance about 0.46dB
relative to C2(·), but it has higher PAPR than that of C2(·).

Fig. 5 shows the BER performance of the different com-
panding transforms over a Rayleigh fading channel with an
exponentially decaying power delay profile, which normalized
delay spread equal to 2. It can be observed that C1(·) has the
best BER performance, which can be restored to about 0.85dB
of the non-companded case (namely the curve marked “Ideal”)
at BER = 10−4. For C2(·) companding transform, its BER
performance gets worse by about 5.64dB compared to that of
the signals marked with “Ideal”, but it has the smallest PAPR.
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Fig. 5. BER versus SNR with SSPA in AWGN and Rayleigh fading channels
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Fig. 6. The spectrums of original MCM signals and companded signals
(N=256, QPSK).

For μ-law companding scheme, it has better BER performance
than that of C2(·) and its SNR = 22.08dB at BER = 10−4.
but it has the highest PAPR.

Due to the high PAPR, original MCM signals have a very
sharp, rectangular-like power spectrum (see Fig. 6). This good
property will be affected by the PAPR reduction schemes, e.g.
slower spectrum roll-off, more spectrum side-lobes, and higher
adjacent channel interference. Many PAPR reduction schemes
cause spectrum side-lobes generation. As seen in Fig. 6, the
proposed nonlinear companding transform C1(·) has much
less impact on the original power spectrum comparing to
the μ-law companding scheme, the companded signals have
a good spectrum characteristic and have almost no spectral
regrowth caused by the PAPR reduction. It is the major
reason that the C1(·) not only enlarges the small amplitude
signals but also compresses the large amplitude signals while
maintaining the average power unchanged, which can increase
the immunity of small amplitude signals from noise. However,
the μ-law companding scheme increases the average power
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level and peak signals do not change, therefore it requires a
larger linear operation region in HPA when the same system
performances are asked. For C2(·) nonlinear transform, it has
the worst power spectrum, which may be caused by transform
the power not amplitude of MCM into a uniform distribution,
so that it can bring out-of-band distortion and result in more
severe inter-carrier interference. From Fig. (2), in the main, we
can consider that C1(·) is made of two approximate linear non-
symmetrical transform, but C2(·) is absolute nonlinear non-
symmetrical transform, which are consistent with the result
in [7]. In addition, the power spectrum density (PSD) of the
transformed signals is obtained with reference to [9]. Hence,
we may conclude that the well-designed C2(·) companding
transform can achieve a good tradeoff between reduction in
PAPR and BER performance in practice.

V. CONCLUSIONS

In this paper, we propose the design criteria of the nonlinear
companding transforms based on the derivation and theoretical
analysis of some proposed nonlinear companding transforms
to reduce the PAPR of MCM signals. Nonlinear companding
transforms can effectively reduce PAPR for different modu-
lation formats and subcarrier sizes without any complexity
increase and bandwidth expansion, which have been expatiated
through the typical nonlinear transforms C1(·) and C2(·). The
BER performance of the proposed methods on Rayleigh fading
channel is also studied by computer simulations. It is proved

that the best tradeoff between BER performance and PAPR
reduction can be achieved by C1(·) among these nonlinear
transforms but C2(·) has the best PAPR reduction.
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